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This paper considers the spatial problem of unsteady waves which arise 
on the free surface and on the surface of separation between two fluids 
under the action of a periodic pressure system applied to the free sur- 
face in an infinite strip. This work is an extension of the work of [l-4 
in which the steady and unsteady oscillations of a fluid surface, main- 
tained by periodic perturbations, are considered. 

1. Let a layer of fluid of density p1 and depth h float on the sur- 
face of an infinitely deep fluid of density p. At the initial moment of 
time t = 0 both fluids are at rest and the free surface and the surface 
of separation are horizontal. We shall set ourselves the problem of in- 
vestigating the form of the waves which arise on the free surface and.on 
the surface of separation under the action of a periodic traveling pres- 
sure system of the form 

p = PO exp[i(kr - ot)] for lyj<a (1.1) 

applied at time t = 0 to the free surface. 

We shall designate the velocity potentials of the lower and upper 
fluids by p(x, y, Z, t) and ql(x, y, Z, t). Then. to determine these 
functions we have [3] the two equations 

Acpl-0 (O<z<h), Acp-0 (z<O) 

with the boundary conditions 

(I.3 
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The forms of the free surface g1 and the surface of separation < are 

given by the formulas 

a% az’pl 
? 

P s - Pl -@- + g (P - Pl) 5; = 0 at z=O (1.3) 

Cl = $ (gyZEh - & I c= g(plpl) ( P g-p1 * 1 at z=. (1.4) 

To the boundary conditions (1.3) it is necessary to add the initial 

conditions 

dcpl p at= p1 at 2 =O, t =O; gJl(? Y, 2, 0) = 0 

acp 8% 
(1.5) 

p 3l = PI at at z = 0, 1 =O; cp (x9 ?I, z, 0) = 0 

which express the fact that the free surface and the surface of separa- 

tion are 

time. We 

tegral 

horizontal and both fluids are at rest at the initial moment of 

shall introduce the pressure (1.1) in the form of a Fourier in- 

co 
i (k-d) * sin ma imu 

P = Poe 1 
-e dm 

m 
-cc 

and we shall seek functions q~~(x, Y, z, t) and 9(x, Y, z, t) in the 

following integral form: 

The functions q1 and q represented 

satisfy Equations (1.2) for arbitrary 

After satisfying conditions (1.3) and 

,tj t?dm (A = l/k” -I- d) (1.7) 

in the form of (1.6) and (1.7) 

values of the functions A, E, C. 

(1.5). we obtain the system 

with the initial conditions 

k(m,O)eAh+~(m,O)e-Ah=l, ;I+B-c=o, A (m, 0) = B (m., 0) = C (m, 0) = 0 

for determining A, 3, c. 
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A dot indicates differentiation with respect to time. Hence, we have 

the system 

keAh + &-Ah + gA (_AeAh _ B~-*~) = _ ioe- 
ii-/3PB+gA(A-B)=O 

(1.8) 
(8=1+-f/l-T) 

with the initial conditions 

A (m, 0) = B (m, 0) = 0, 
p,-Ah e-A!e 

k (m, 0) = 
P + e-2AfL ’ 

i?(m,O)=--- 
P + P” 

r1.q) 

Moreover, -l(A - B). C is determined from the equation C = y 

Solving the system (1.8) with the initial conditions (1.9), we find 

n 
ink t 

4 

A(m,t) = 2 ake 
inki In/$ 

, B (m, t) = z bke , C (n, t) = i y-l (ali - bk) e 

k=o k=o k=iJ 

where 

no=-(0, %,2 = rt 1/i%, n3.4 = f lf/E;gA 

D(m)=(i+~)~G+(1-~)[-gA~+(~~+gA)e-~*~]. bI = b2 = 0 

io (I- 7) -Ah 
h= DcmJ e 9 bl = 0, bz=O, 3 

b = bo (0 - n3) - & 

2n3 

E = (1 - +r) 11 - e-2Ahl 
1 + 7 + (I- 7) e-2Ah ’ 

b4 = _ bo (0 + 723) - & 

2% 

b5 = (1 - r) ewAh - io + (~3 + gA) 5,CAh -Ah 

1 + r + (1 - r) e-2Ah ’ a’ = gA--Og e 

al = 2x [al, (0 - m) - qb3 (R + n3) - qba (nl - n3) - ia3j 

~2 = - & [ao (0 -t 4 + $3 (Q - n3) + qba (nl + n3) - iq,] 

a3 = q&e 
-2Ah 

a4 = qbe 
-2Ah (I+ r) evAh 1 +E --2Ah 

, , a5 = 
1 + r _1- (1 - r) e-2Ah ’ 

q=f-qe 

Substituting the derived values of 

(1.4). we find 

m 4 
51 _ ~Po lkX \ 2 jkei(m~+“k*)dm, 

nPlg _ co k=n 

where 

the functions A, R, C into Formulas 

._. m !i=n 

(1 .lO, 

fk -= nk [ake Ah + b,e-Ahl “;’ , 
qk = nk [uk - Pbk] SF (1.11) 

The Formulas (1.10) which are obtained are analytical expressions of 

the form of the waves which arise on the free surface and on the surface 
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of separation, 

2. We shall undertake the investigation of the first of the Formulas 

(1.10) which determines the form of the waves on the free surface. To 

begin with we note that individual terms which enter into the sums under 

the integral have a Pole of first order on the real axis. Thus f, has a 

pole of first order on the real axis at the pointsa 

m 1.2 = f 1/G=? (a = ClPg-‘> k), m3.4 = + Jfciz - k” 

where a >po is the only positive root of the equation 

(2.1) 

(1 + T) 0.3 + (1 - r) [-- ga + (02 + ga) e-‘x’L ] = 0 (2.2) 

The function f2(m) has a pole of first order at the points ml, m2; 

f4(m) at the points rn3’ m4. The functions fl, f3 do not have singular- 

ities on the real axis. The singularities of the individual terms which 

enter into the sum under the integral in the first formula of (1. IO) 

cancel, and therefore the function under the integral does not have 

singularities on the path of integration and the integration along the 

real axis can be replaced by integration along a contour L which goes 

around the pol.?s m1 and m3 along small semi-circles lying in the lower 

half-plane and around the Poles m2 and m4 along small semi-circles lying 

in the upper half-plane. Formula (1.10) can be written thus: 

i/i-X i J,, (2.3) 

Considering the region y > a (the region y < - a is symmetrical), we 

obtain 

-iul 

L\ 

iulu imu 
JO = e ~ l0e dm f 2ni res (foe ) VI k 

I 

(r) k=l.n 

(2.4) 

where the contour (c) goes around the poles ml, m2, m3, m4 in the upper 

half-plane. Carrying out the calculation of the residues and taking into 

consideration that the integral in Formula ( 3.4) is a quantity of order 

(ky)-’ for large values of by, we have 

Re shall now consider J,, writing it in the following form: 
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JZ = (L) h exp [kyMz (ml1 dm, s M2(mj=i(m-Vvjl+me)9 
t g’;, 

v=-- 7 ( ) Y 

We shall carry out the investigation of J2 for large values of ky by 

the method of stationary phase. The stationary points are roots of the 

equation M,‘(w) = 0. 

It is evident that the location of the stationary points on the real 

axis essentially depends on the value of the parameter v, i.e. on the 

ratio of t to y. At the same time the points a1 and m2, poles of the 

function fz(m), occupy fixed positions on the real axis. Investigating 

the position of the stationary points relative to the poles as a function 

of values of the parameter v, we find that Re Mg(a) < 0 on the initial 

contour L for y < u1 t and on the contour L,, which goes around the pole 

m1 from above, for 

Y > Ull, (2.6~ 

Therefore 

(2.7) 

We shall pass on to the investigation of J,, writing it as follows: 

J4 = (L) f4 exp [~YM( @)I dm, s M4(m)=i[m-VYu] 

The function f,(m) has poles only at the points a3 and ml. Investigat- 

ing the position of the stationary points of the expression M,(a) rela- 

tive t_o their poles for various values of the parameter v, we come to the 

conclusion that Re M4(m) < 0 on the initial contour L for y < ult and on 

the contour L, which goes around tbe pole a3 from above for y > u2 t, 

where 

u,_ol/a2--lrL 
2 212 i 

I+ 
2hs (us-1 + 1) e-2ah 

I- e-2ah 1 

Therefore 

(2X 

Since fl (m) and f,(r) do not have poles on the real axis, for large 

values of ky we find 

J, : 0 [ (/iy)-“‘1, Js = 0 [(kg)-“‘] (2.10) 
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Formulas (2.3). (2.5), (2.7), (2.9), (2.10) give the following final 

expression of the form of the waves on the free surface of a liquid: 

where 

jl = q1 + q2 

-.__ 
x1 sin (kr -I- y 1/S - ti’ - coti 

91 = 
(!I < m 

0 L(hY) 
- 1:; 

1 (Y> u1t) 

‘12 = 

1 

x2 sin (kz + y v/as - h? - at) (Y < et) 

0 i(h-?l) 

-‘;l 

I (Y > u_!t) 

x1 = 
2~00~ sin a Jf6” - lt2 ze--20h 

p1g (cd- Pg2) 
c 

I - ;j _ , ,_ 2e-?0’1 

-__ 

_. 
‘1~0 sin a l/a2 - k2 gae--2ah 

1i.11; 

(2.12) 

(2.13) 

(2.14) 

x2 z - 

p1g (a2 -- k’) (a - 5) 1 -t [Zh (a + 5) ~- I] E7=‘( 

We shall pass on to the second expression of (1.10). Since the poles 

of the functions yk and f‘k coincide and the whole sum under the integral 

in (1.10) has no singularities on the real axis, we then obtain, after 

replacing integration along the real axis with integration along the con- 

tour L 

Carrying out the investigation of the integrals Jk in an analogous 

manner to the investigation of the integrals Jk, we find the following 

final expression for the wave profiles on the surface of separation: 

5 = q3 -t- 114 (2.16) 

where 

From Formulas (2.11) and (2.16) it follows that in the case under con- 

sideration two systems of progressive waves of the form (2.12) and (2. 13) 

arise on the free surface. Moreover, the foreward front of the waves of 

(2.12) travel along the y-axis with velocity a1 and the foreward front 

of the waves of (2.13) with velocity u2, where a1 and a2 are equal re- 

spectively to the projections on the y-axis of the group velocities of 

the waves of (2.12) and (2.13). 
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The waves which arise on the surface of separation differ only in 

amplitude from the waves which arise on the free surface. It turns out 

that the amplitude K~ of the waves (2.17) is smaller than the amplitude 

K~ of the waves on the free surface by the factor exp (ah) and the ampli- 

tude K~ of the waves (2.18) 2 larger than the amplitude of the waves 

(2.13) by the factor (1 - y) . 

For values of p, h, u which satisfy the inequality exp (-2c$h) << 1, 

the formulas for KI, Kg, a2 are considerably simplified and take the 

form (a = pa) 

x1 = 2p,04 sin a 1/022 
p,g (04 - k”g’) ’ 

x2 = 4pOa25 sin a Jfa2 ~-WI 

plg(a2-kk’)(3-~) * 
u2= urn2 

232 

The amplitudes K~ and K~ are given by Formulas (2.19). From Formulas 

(2.6) and (2.8) we find 

3. The work, which corresponds to the pressure force (1.1) on the free 

surface in the strip IyI < a. per unit length of the pressure waves will 

be equal to 

x 

w = PO Scos(kx--wt) [ i (~:)*=,,dy] dx (x=x + T) (3.i) 
X --b 

CL 4, 
6,ei (m’ ’ nkt’ dm , _ 6, = A (a,eAh _ b,e-Ah) ‘G (3.2) 

at the moment of 

CL) k=o 

time t. 

Here L is the initial path of integration. From Formulas (1.11) and 

(3.2) it is seen that the poles of the functions fk and Qk coincide. 

Taking into account that L Re (in,] Q 0 (k = 1, . . . . 4) on the path of 

integration and that the derivative nk’(“) has only one stationary point 
JR = 0, we find that Formula (3.2) takes the form 

__ PO i i/ix - cd) 

Wl c 60eim?'dm-;- 0 [ ( l/&)-‘/2] 
CiJ 

for large values of \I (gkt). 

Substituting the latter equality into Formula (3.1) and carrying out 

the integration, we find the following expression for the work E of the 

applied pressures per unit length of the pressure waves over the period 

7 = 2Tro -’ for large values of the time t( J (gkt) >> 1): 
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E = .% + ET., 

El = 
8n2p~2 (p - 1) 52 sin2 n 1/S - k” 

kplg (52 - /$ [p _ 1 -+ gAh] 

jy:‘a = 
16n2p02a~ ~e-‘~” sin2 a 1/a” - kZ 

kplg (a2 - k2)3’2(a - i;) {I + [2h (a _I- a) - I] e?*“} 

The expressions which we have found for undamped waves on the free 

surface and the surface of separation and the expression for the work of 

the applied pressures are valid for values of a > k. In the case CJ < k, 

a > k undamped waves of the form (2.12) and (2.17) will not arise; more- 

over, as follows from Formula (2.19), the amplitudes of waves on the sur- 
face of separation will be larger than the amplitudes of waves on the 

free surface by the factor (1 - y)-‘. The very same thing will also occur 

in the case u > k when the equality 

afiz-kz=nn (n =:. 0, 5 1, + 2, .) 

is satisfied. 

In both of the cases considered the term E,, which enters into the 

expression for the pressure work, will be absent. We note that undamped 

waves will not arise for values of a < k and that the applied pressures 

will not do work for large values of the time t. 

By the very same method a solution is obtained to the planar problem 

of unsteady waves which arise on the free surface and the surface of 

separation under the action of periodic pressures of the form p = pu 

exp (-iot) applied at the free surface at time t = 0 in the region 

1x1 < fz. The waves on the free surface iI and on the surface of separa- 

tion 5 have the form 

where 

Here the wave amplitudes and the velocities aI, a2 are given by 

Formulas (2.14)) (2.19). (2.6). (2.8) if k is set equal to zero in them. 

In the case ao = nw(n = 0, f 1, ? 2, . . . ) the amplitude of the waves 

which arise on the surface of separation will be larger than the ampli- 

tude of the waves on the free surface by the factor (1 - y)-I. 
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